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Abstract
We consider the gravitino spectrum for the general warped solution in a specific
six-dimensional gauged supergravity. We find that although the brane tensions intro-
duced at the conical singularities break the bulk supersymmetry explicitly, massless
modes of the gravitino can exist with a nontrivial wave function profile, due to a
nonzero U(1)R gauge flux. We also compute the wave function and the mass spec-
trum of Kaluza-Klein massive modes of the gravitino explicitly. We show that the
introduction of a gravitino mass term on a regularized brane can give a suppressed
effective gravitino mass compared to the compactification scale, due to the delocal-
ization of the wave function of the zero-mode gravitino.
PACS codes: 04.50.+h, 11.25.Mj, 04.65.+e.
Keywords: Supergravity, Extra dimensions, Conical singularity, Supersymmetry breaking.
∗ e-mail address: hmlee@andrew.cmu.edu
∗∗ e-mail address: papazogl@iap.fr
1UMR 7164(CNRS, Universite´ Paris 7, CEA, Obervatoire de Paris)
2UMR 7095(CNRS, Universite´ Paris 6)
1 Introduction
There has been a lot of interest in brane world models in higher dimensions with the hope to
solve the particle physics problems and give a hint for physics beyond the Standard Model
(SM) in a different context. Particularly, in order to ameliorate the hierarchy problem
of the Higgs mass, models with extra dimensions compactified on a large flat [1] or small
warped [2] space were suggested as an alternative to the weak-scale supersymmetry (SUSY).
Furthermore, regarding the cosmological constant problem which has been one of the most
notorious problems as dictated by a no-go theorem [3], the self-tuning mechanism in higher
dimensions [4] was suggested. This may give a better understanding of the cosmological
constant problem, although one has only the SM quantum corrections confined on a brane
under control. In particular, brane world models in six dimensions have drawn much
attention because the brane tension generates a nonzero deficit angle in extra dimensions
without curving the 4D spacetime [5]. This feature has been first pursued in the framework
of spontaneous compactification due to gauge fluxes in 6D Einstein-Maxwell theory [6], but
ended up with a fine-tuning condition for the brane tension due to flux quantization or
conservation [7]. Furthermore, we still need some symmetry to ensure that a bulk tuning
condition is stable against the quantum corrections.
The Salam-Sezgin (SS) supergravity [8] has drawn a renewed interest due to the pos-
sibility of attacking both brane and bulk fine-tuning problems encountered in the non-
supersymmetric models. In this model, Salam and Sezgin obtained a spontaneous com-
pactification on a sphere with U(1)R flux to get the 4D Minkowski spacetime and showed
that 4D N = 1 SUSY survives or there is a massless chiral gravitino in four dimensions.
The most general warped non-singular (no worse than conical) solutions with 4D maximal
symmetry have been recently found to be a warped product of the 4D Minkowski space
and a two dimensional compact manifold (the “football-shaped” space [9], the general
warped solution with axial symmetry [10] or the general warped solution without axial
symmetry [11]). Nonetheless, there is still a fine-tuning between brane tensions due to the
flux quantization. It has been shown, on the other hand, that there are warped singular
solutions with 4D curved spacetime [12]. The stability analysis of the warped background
has been done for scalar perturbations [13] and bulk gauge fields and fermions [14].
The warping requires the existence of conical singularities on which codimension-two
branes are located, so N = 1 SUSY is broken explicitly by nonzero brane tensions 3.
Nevertheless, it has been suggested that the SUSY breakdown at the branes might be
suppressed not to give a large quantum correction in the bulk [16]. The Casimir effect
has been discussed for flux compactifications in non-SUSY and SUSY models [17]. We
will, thus, discuss the model at the classical level, not taking into account the transmission
of the SUSY breaking from the brane sources to the bulk. In this paper, we study the
gravitino equation for the general warped solution in an anomaly free model with the gauge
group E6 × E7 × U(1)R in six-dimensional gauged supergravity [18]4. The difference from
3Such explicit SUSY breaking localized terms are a usual addition in supergravity models, e.g., D3
branes in throat geometries [15].
4For recent studies of six-dimensional supergravities, see Ref. [19].
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the SS model is that on top of the U(1)R flux, we can also turn on the abelian flux of
the non-abelian gauge fields, for instance, E6, but the form of the general warped solution
is maintained. In this case, both SUSY and the GUT group can be broken upon the
compactification so the model could provide an alternative to orbifold models. It has been
shown that E6 is broken down to SO(10) and the adjoint fermions of E6 survive as two
chiral 16’s of SO(10) [18].
By solving the gravitino equation, we find that there exist massless modes of the grav-
itino for a nonzero U(1)R flux, even with nonzero brane tensions and/or abelian flux of E6.
We show that the wave function of the massless modes of the gravitino have a nontrivial
profile in the extra dimensions. Moreover, we also obtain the wave function and the mass
spectrum for the massive modes of the gravitino. Although we can show from the bulk
SUSY transformation that SUSY is broken for the warped solution, the appearance of
massless modes of the gravitino tells us that the gravitino mass must be determined by
interaction terms beyond the bulk action and the brane tensions.
However, we cannot consider brane matter terms on the codimension-2 branes without
introducing singularities [20]. It is imperative that the brane is regularized by either
acquiring some thickness [21], or by the reduction of its codimension [22, 23]. Considering
the latter method (codimension reduction) and a brane-induced gravitino mass term on
the regularized brane, we found that the gravitino mass can be suppressed compared to
the compactification scale due to the delocalization of the zero-mode gravitino.
The paper is organized as follows. We first review the warped solution in 6D gauged
supergravity. Then, we consider the SUSY transformation and the gravitino action in
the warped background. Further, we present the wave functions of the massless modes
of the gravitino and the mass spectrum of KK massive modes of the gravitino. Next, we
introduce brane-induced gravitino mass terms and estimate the effective gravitino mass
related to the value of the wave function of the zero-mode gravitino on the brane. Finally,
the conclusions are drawn.
2 The model
We consider an anomaly-free model [18] in 6D gauged supergravity where the bulk gauge
group is E6×E7×U(1)R with gauge couplings g6, g7 and g1. By setting the Kalb-Ramond
field and the hyperscalars to zero, the bosonic part of the bulk action5 is given by
e−1Lb = R− 1
4
(∂Mφ)
2 − 8g21e−
1
2
φ − 1
4
e
1
2
φ(F 2MN + F
I2
6MN + F
I′2
7MN). (1)
When all non-abelian gauge fields vanish, the above action becomes the one of the Salam-
Sezgin model [8]. The case with only the U(1) ⊂ E6 being nonzero was considered for a
GUT breaking in [18]. In the present paper, we take the more general case where both
5For comparison with the Salam-Sezgin [8] notation, we note that gSS = 2g1, A
SS
M
= AM/2, σ = φ/2,
and LSS = L/4. We set the 6D fundamental scale to κ = 1.
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U(1)R and U(1) are nonzero. In this case, it has been known that supersymmetry is broken
completely and E6 is reduced to SO(10) [18].
Assuming axial symmetry in the internal space, the general warped solution with U(1)R,
U(1) fluxes can be found to give rise to four-dimensional Minkowski vacua (i.e., with zero
effective cosmological constant) with the following form [10]
ds2 = W 2(r)ηµνdx
µdxν +R2(r)
(
dr2 + λ2Θ2(r)dθ2
)
, (2)
F1rθ = λq
ΘR2
W 6
cosα, TIF
I
6rθ = T0λq
ΘR2
W 6
sinα, (3)
φ = 4 lnW, (4)
with
R =
W
f0
, Θ =
r
W 4
, (5)
W 4 =
f1
f0
, f0 = 1 +
r2
r20
, f1 = 1 +
r2
r21
, (6)
where q is a constant denoting the magnetic flux, T0 is the U(1) generator of E6 and the
two radii are given by
r20 =
1
2g21
, r21 =
8
q2
. (7)
The angle α denotes the distribution of the fluxes in the U(1)R and the U(1) directions.
From eq. (3), we get the nonzero component of gauge fields in the patch including r = 0
as
g1A1θ = −n1
( 1
f1
− 1
)
, g6TIA
I
6θ = −T0n6
( 1
f1
− 1
)
. (8)
where we have taken into account the quantization conditions of the gauge fluxes
4λg1 cosα
q
= n1,
4λg6 sinα
q
= n6, n1, n6 = integer. (9)
In this general solution, the metric has two conical singularities, one at r = 0 and the other
at r =∞, with deficit angles δs (supported by brane tensions Vs = 2δs) given by
δ0
2π
= 1− λ, (10)
δ∞
2π
= 1− λr
2
1
r20
= 1− 1
λ
(
n21 +
g21
g26
n26
)
. (11)
These brane terms, as it will be discussed later, are explicitly non-supersymmetric. Let us
note also, that the gauge field Bianchi identities are satisfied as long as there is no coupling
of the brane to the bulk gauge field [9].
For r0 = r1, i.e. q = 4g1, we get the unwarped solution with football shaped extra
dimensions. In this case, we get λ2 = n21 + n
2
6g
2
1/g
2
6 and if both n1 and n6 are nonzero, the
4
angle deficit has to be negative (and so has to be the brane tension). If additionally λ = 1,
the unwarped solution is possible with no branes present. The latter happens only for the
following two cases: (n1, n6) = (1, 0) or (n1, n6) = (0, g6/g1). So, in this case, only either
of U(1) fluxes can be nonzero.
Finally, by defining
dρ = Rdr, a = λRΘ, (12)
the metric can be expressed in a Gaussian normal coordinate system as
ds2 =W 2ηµνdx
µdxν + dρ2 + a2dθ2. (13)
3 Explicit supersymmetry breaking and gravitino dy-
namics in the warped background
In this section we will discuss the gravitino spectrum in the general warped background and
the existence of gravitino zero modes even in some cases where supersymmetry is broken
by the presence of the brane tension terms. In order to do this analysis, we need the spinor
part of the action and in particular the part that is quadratic in fermionic terms. This is
given by [18]6
e−1Lf = ψ¯MΓMNPDNψP + χ¯ΓMDMχ+ λ¯ΓMDMλ+ λ¯6ΓMDMλ6
+
1
4
(∂Mφ)(ψ¯NΓ
MΓNχ+ h.c.) +
√
2g1e
− 1
4
φ(iψ¯MΓ
Mλ1 − iχ¯λ1 + h.c.)
− 1
4
√
2
e
1
4
φ
{
F1MN(ψ¯QΓ
MNΓQλ1 + χ¯Γ
MNλ1)
+ F I6MN(ψ¯QΓ
MNΓQλI6 + χ¯Γ
MNλI6) + h.c.
}
, (14)
where the covariant derivative for any fermion ψ is defined as
DMψ = (∂M + 1
4
ωMABΓ
AB − ig1AM )ψ. (15)
The above spinors are chiral with handednesses
Γ7ψM = +ψM , Γ
7χ = −χ, Γ7λ1 = +λ1, Γ7λ6 = +λ6. (16)
Taking into account that Γ7 = σ3 ⊗ 1 (see Appendix A), the 6D (8-component) spinors
can be decomposed to 6D Weyl (4-component) spinors as
ψM = (ψ˜M , 0)
T , χ = (0, χ˜)T , λ1 = (λ˜1, 0)
T , λ6 = (λ˜6, 0)
T . (17)
6In comparison with the SS notation [8], all fermions are rescaled as ψSS = ψ/2.
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3.1 Supersymmetry transformations
Before presenting the gravitino spectrum, let us discuss the supersymmetry of the vacua
in question. For the general background with fluxes, the nontrivial bulk supersymmetry
transformations of fermions are the ones for dilatino χ, gravitino ψM , U(1)R gaugino λ1
and E6 gauginos λ
a
6 [18]:
δχ = −1
4
(∂mφ)Γ
mε, (18)
δλ1 =
1
4
√
2
e
1
4
φF1mnΓ
mnε− i
√
2g1e
−
1
4
φε, (19)
δ(TIλ
I
6) =
1
4
√
2
e
1
4
φ(TIF
I
6mn)Γ
mnε, (20)
δψM = DMε, (21)
where the spinor parameter ε is chiral, with Γ7ε = +ε, so that ε = (ε˜, 0)T .
Using the solution that we presented in the previous section, the above transformations
give
δχ = −W
′
W
[
cos θ σ1 ⊗ γ5 + sin θ σ2 ⊗ 1] ε, (22)
δλ1 =
i√
2W
2g1σ
3 ⊗
[
q
4g1
1
W 4
cosα γ5 − 1
]
ε, (23)
δ(TIλ
I
6) = T0 i
√
2
q
4
1
W 4
sinα σ3 ⊗ γ5ε, (24)
δψµ =
[
∂µ +
1
2
W ′σ3 ⊗ γµ(cos θ γ5 + i sin θ)
]
ε, (25)
δψρ = ∂ρε, (26)
δψθ =
[
∂θ +
i
2
(
1 +
λ
W 4
(1− 2
f0
) + 3λr
W ′
W 5
)
σ3 ⊗ γ5 + iλ4g1
q
cosα
(
1
f1
− 1
)]
ε. (27)
In particular, for the sphere solution with only U(1)R flux turned on, i.e. the Salam-
Sezgin vacuum with λ = 1, (n1, n6) = (1, 0), q = 4g1, half of the supersymmetries are
preserved [8]. In this case, the SUSY conditions for constant spinors are
δχ = δ(TIλ
I
6) = δψρ = δψµ = 0, (28)
δλ1 =
1
2
√
2
iq σ3 ⊗ (γ5 − 1)ε = 0, (29)
δψθ =
[
∂θ − i
( 1
f0
− 1
)
σ3 ⊗ (γ5 − 1)
]
ε = 0. (30)
Thus, it is obvious from the above that there exists a constant 4D Killing Weyl spinor ε˜L,
with ε˜ = (ε˜L, 0)
T , which preserves 4D N = 1 supersymmetry. In this case, it was shown
that there exists a chiral massless mode of gravitino [8] due to the cancellation between
spin and U(1)R connections.
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On the other hand, the above SUSY transformations show that SUSY can be spon-
taneously broken by a nonzero flux along the E6 even without conical singularities, i.e.
TIF
I
mn 6= 0. This is partially because there is no potential term in the variation to cancel
the gauge field related part in (20). The fermion SUSY transformations for constant ε then
read
δχ = δψρ = δψµ = 0, (31)
δλ1 = −i
√
2g1σ
3 ⊗ 1ε, (32)
δ(TIλ
I
6) = T0 i
√
2 g1σ
3 ⊗ γ5ε, (33)
δψθ =
[
∂θ − i
(
1
f0
− 1
)
σ3 ⊗ γ5
]
ε. (34)
Upon introducing conical singularities to the Salam-Sezgin solution, by deforming the
space with non-SUSY brane tensions [10], it can be seen from (22)-(27) that the SUSY is
broken completely in the bulk due to the absence of a globally well-defined Killing spinor for
the conical geometries [24]. As will be seen in the next sections, however, the explicit SUSY
breakdown does not mean necessarily the absence of a massless mode of the gravitino.
3.2 The “4D gravitino” equation of motion
For the background solution of the previous section, we can rearrange the fermionic part
of the action (14) as
e−1Lf = χ¯ΓMDMχ+ λ¯ΓMDMλ+ λ¯6ΓMDMλ6 + ψ¯mΓmλnDλψn + e−1Lmix
+ψ¯µΓ
µνλDνψλ + ψ¯µΓµmλDmψλ
+(−ψ¯µgµλΓmDλψm + ψ¯µΓµη + h.c.), (35)
where Lmix contains the mixing terms between spin-12 components. The linear combination
of the spin-1
2
fermions
η = ΓλΓmDλψm + ΓmnDmψn − 1
4
(∂mφ)Γ
mχ+ i
√
2g1e
− 1
4
φλ1
− 1
4
√
2
e
1
4
φ(F1mnΓ
mnλ1 + F
I
6mnΓ
mnλI6), (36)
plays the role of the would-be Goldstone fermion and mixes with the “4D gravitino”7 ψµ.
Even if supersymmetry is broken explicitly by brane sources, we can get rid of the mixing
terms with the spin-1
2
fermions by the redefinition of the 4D gravitino. Therefore, in order
to get the mass spectrum of the “4D gravitino”, we only have to consider the second line
of the action (35)
e−1Lψ = ψ¯µΓµνλDνψλ + ψ¯µΓµnλDnψλ, (37)
7We use the term “4D gravitino” to denote the 4D vector component of the gravitino before dimensional
reduction.
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where
Dν = ∂ν + 1
2
ωνα5Γ
α5 +
1
2
ωνα6Γ
α6, Dn = ∂n + 1
2
ωn56Γ
56 − ig1A1n, (38)
and Γµnλ = −ΓµλΓn. From this action, we derive easily the equation of motion for the “4D
gravitino” as
Γµνλ(∂ν +
1
2
ωνα5Γ
α5 +
1
2
ωνα6Γ
α6)ψλ − ΓµλΓn(∂n + 1
2
ωn56Γ
56 − ig1A1n)ψλ = 0. (39)
Using the vielbein and the spin connection obtained in the Appendix A, we can rewrite
the gravitino equation as
0 = W−1σ1 ⊗ γαβγδµγ
[
∂β +
1
2
W ′(σ0 ⊗ γβγ5 cos θ + iσ3 ⊗ γβ sin θ)
]
ψµ
−σ0 ⊗ γαγδµγ (σ1 ⊗ γ5 cos θ + σ2 ⊗ 1 sin θ)∂ρψµ
−σ0 ⊗ γαγδµγ (−σ1 ⊗ γ5 sin θ + σ2 ⊗ 1 cos θ)
1
a
[
∂θ +
1
2
iωσ0 ⊗ γ5 − ig1A1θ
]
ψµ,(40)
with
ω = 1− a′, g1A1θ = −n1
( 1
f1
− 1
)
. (41)
Using the chirality condition σ3 ⊗ 1ψµ = ψµ and γαβγγβ = −2γαγ , we can simplify the
above equation as
W−1σ1 ⊗ γαβγδµγ∂βψµ = σ1 ⊗ γαγδµγ
[
(γ5 cos θ + i sin θ)(∂ρ +
W ′
W
)
+(−γ5 sin θ + i cos θ)1
a
(∂θ +
1
2
iωγ5 − ig1A1θ)
]
ψµ. (42)
After imposing the gauge fixing conditions, Γµψµ = 0 and ∂
µψµ = 0, as well as using the
identity γαβγ = γαγβγγ − ηαβγγ − ηβγγα + ηαγγβ, the gravitino equation becomes
W−1σ1 ⊗ γβ∂βψµ = −σ1 ⊗
[
(γ5 cos θ + i sin θ)(∂ρ +
W ′
W
)
+(−γ5 sin θ + i cos θ)1
a
(∂θ +
1
2
iωγ5 − ig1A1θ)
]
ψµ. (43)
Finally, decomposing the 6D Weyl spinor ψ˜µ to left and right components as ψ˜µ =
(ψ˜µL, ψ˜µR)
T , satisfying γ5(ψ˜µL, 0)
T = +(ψ˜µL, 0)
T and γ5(0, ψ˜µR)
T = −(0, ψ˜µR)T , we obtain
the final form of the gravitino equation as
W−1σ¯β∂βψ˜µL = e
−iθ
[
∂ρ +
W ′
W
+
1
a
(−i∂θ − 1
2
ω − g1A1θ)
]
ψ˜µR, (44)
W−1σβ∂βψ˜µR = e
iθ
[
− ∂ρ − W
′
W
+
1
a
(−i∂θ + 1
2
ω − g1A1θ)
]
ψ˜µL. (45)
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4 Solutions to the gravitino equation
We will now solve the above equations of motion by dimensionally reducing to 4D mass
eigenstates. Therefore, we make a Fourier expansion of the “4D gravitino” as
ψ˜µL =
∑
m
ψ˜
(m)
µL (x)ϕ
(m)
L (ρ)e
imθ, (46)
ψ˜µR =
∑
m
ψ˜
(m)
µR (x)ϕ
(m)
R (ρ)e
imθ. (47)
Then, plugging the above Fourier expansions into eqs.(44) and (45), we get the equations
for the wave functions of the gravitino8
W−1σ¯β∂βψ˜
(m−1)
µL ϕ
(m−1)
L =
[
∂ρ +
W ′
W
+
1
a
(m− 1
2
ω − g1A1θ)
]
ψ˜
(m)
µR ϕ
(m)
R , (48)
W−1σβ∂βψ˜
(m+1)
µR ϕ
(m+1)
R =
[
− ∂ρ − W
′
W
+
1
a
(m+
1
2
ω − g1A1θ)
]
ψ˜
(m)
µL ϕ
(m)
L . (49)
The KK massive modes of gravitino are satisfying
σ¯β∂βψ˜
(m)
µL = Mmψ˜
(m+1)
µR ,
σβ∂βψ˜
(m+1)
µR = Mmψ˜
(m)
µL , (50)
with Mm the KK mass of each 4D Dirac gravitino ψ˜
(m)
µ = (ψ˜
(m)
µL , ψ˜
(m+1)
µR )
T . Then, the
equations for the gravitino wave functions become
W−1Mm−1ϕ
(m−1)
L =
[
∂ρ +
W ′
W
+
1
a
(m− 1
2
ω − g1A1θ)
]
ϕ
(m)
R , (51)
W−1Mmϕ
(m+1)
R =
[
− ∂ρ − W
′
W
+
1
a
(m+
1
2
ω − g1A1θ)
]
ϕ
(m)
L . (52)
The normalizability condition for the gravitino is
∫
dθ
∫
dρ Wa |ϕ(m)L,R|2 <∞. (53)
Furthermore, there is a hermiticity condition for the gravitino, which, in analogy with
[14], is given by ∫
d6x ∂N (
√−G ψ¯MΓMNΛψΛ) = 0. (54)
In terms of the above mode decomposition, this gives
W 2a ϕ
(m)∗
L ϕ
(m+1)
R
∣∣∣ρs
0
= 0. (55)
8Compare to the spin- 1
2
fermions [14] charged under U(1)R, for which the warp factor dependence in
the equation comes as 2W ′/W instead of W ′/W .
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4.1 Massless modes
For massless modes, we set σ¯β∂βψ˜
(m)
µL = σ
β∂βψ˜
(m)
µR = 0 in (48), (49). Then, the equations
of left-handed and right-handed gravitinos are decoupled as
[
∂ρ +
W ′
W
+
1
a
(m− 1
2
ω − g1A1θ)
]
ϕ
(m)
R = 0, (56)[
∂ρ +
W ′
W
+
1
a
(−m− 1
2
ω + g1A1θ)
]
ϕ
(m)
L = 0. (57)
We can find the explicit solution of the above equations as
ϕ
(m)
L =
1
W
exp
[ ∫ ρ
dρ′
1
a
(m+
1
2
ω − g1A1θ)
]
=
Nm
W
√
a
( r
r0
) s
2
f
1−t
2
0 , (58)
with
s =
1
λ
(1 + 2m),
t =
1
λ
(m+
1
2
− n1)
(
1− r
2
0
r21
)
+
n1
λ
+ 1, (59)
where Nm is the normalization constant. In the above, we have used that
∫
dr
f1
rf0
∼ ln[rf
r
2
0
−r1
2
2r2
1
0 ],
∫
dr
1
rf0
∼ ln[rf−1/20 ]. (60)
The solution for the right-handed gravitino is given by the one for the left-handed gravitino
(58) with (m,n1) being replaced by (−m,−n1).
From the normalization condition (53), we determine the normalization constant of the
general solution (58) as
N2m =
1
2πr0
( ∫ ∞
0
xs
(1 + x2)t
)−1
≡ Γm
2πr0
, (61)
with
Γm ≡ 2Γ[t]
Γ[(1 + s)/2]Γ[t− (1 + s)/2] . (62)
In order to have finite norm, we require the following inequalities for the existence of
left-handed zero mode
s > −1, s− 2t < −1, (63)
or in terms of our original parameters
−1
2
(1 + λ) < m < n1 − 1
2
(
1− λr
2
1
r20
)
. (64)
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For the right-handed zero mode, the normalizability conditions are
n1 +
1
2
(
1− λr
2
1
r20
)
< m <
1
2
(1 + λ). (65)
Let us first discuss about the simple cases with constant warp factor. In the sphere case
with U(1)R flux only, which is the Salam-Sezgin solution, we have the relation, g1A1θ =
1
2
ω.
In the above general expression, we take r0 = r1, λ = 1 and n1 = 1. Then, from the
normalizability conditions (64) and (65), we obtain only one massless mode (for m = 0)
from the left-handed gravitino as
ϕ
(0)
L ∝ a−1/2 r
1
2 f
−1/2
0 = constant. (66)
On the other hand, in the sphere case with E6 flux only, i.e. A1θ = 0, we take r0 = r1,
λ = 1 and n1 = 0. Thus, from eqs. (64) and (65), we can see that there is no normalizable
massless mode for any m. This shows that supersymmetry is completely broken.
Now let us look at the effects of a nonzero deficit angle and/or a warp factor. In this
case, it is possible to have both U(1)R and E6 fluxes non-vanishing. In the unwarped case
with λ 6= 1 and r0 = r1, the wave functions of massless modes are
ϕ
(m)
R ∝ a−1/2 r
1
λ
( 1
2
−m) f
n1
2λ
0 , (67)
ϕ
(m)
L ∝ a−1/2 r
1
λ
( 1
2
+m) f
−
n1
2λ
0 . (68)
Since λ =
√
n21 + n
2
6g
2
1/g
2
6 ≥ |n1|, for n1 > 0, we can see that there is at least one massless
mode of ϕ
(m)
L from eq. (64). Thus, although supersymmetry is broken by the E6 flux
and also explicitly by the brane sources, there exist massless modes of the gravitino. For
example, in the case of n6 = 0, n1 = λ, q = 4g1, there exist normalizable modes for the
left-handed gravitino and the nontrivial SUSY variation (27) becomes
δψ˜θL =
[
∂θ − 1
2
i(n1 − 1)
]
ε˜L. (69)
Thus, δψ˜θL = 0 would require ε˜L ∝ ei 12 (n1−1)θ. For even n1, the Killing spinor is not single-
valued so there is no remaining SUSY in this case. On the other hand, for odd n1, there is
an N = 1 SUSY left in the bulk even if SUSY is broken explicitly by the deficit angle at
the brane.
Furthermore, in the case with the non-constant warp factor, we also find, from the
r21/r
2
0 term in eq. (64), that the massless modes are still maintained. Therefore, as far as
U(1)R flux is nonzero, the massless mode of gravitino obtained in the Salam-Sezgin solution
remains even with a nonzero deficit angle or a warp factor. This property of the appearance
of massless modes when U(1)R is present, holds also for for bulk spin-
1
2
fermions which are
charged under the U(1)R. Then it has been shown in [14,18] that massless modes of these
fermions persist after flux compactification. For the non-constant warp factor, however,
there is no remaining SUSY in the bulk at all as shown from the SUSY transformations in
Section 3.1.
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4.2 Massive modes
Returning to the massive modes, we can substitute ϕ
(m+1)
R from (52) to (51) and obtain a
single second order differential equation for ϕ
(m)
L
M2mϕ
(m)
L = W
[
∂ρ +
W ′
W
+
1
a
(m+ 1− 1
2
ω − g1A1θ)
]
×W
[
− ∂ρ − W
′
W
+
1
a
(m+
1
2
ω − g1A1θ)
]
ϕ
(m)
L , (70)
supplemented by eq. (52) which acts like a constraint equation. From the latter equation,
the hermiticity condition (55) becomes
W 3aϕ
(m)∗
L
[
− ∂ρ − W
′
W
+ (m+
1
2
ω − g1A1θ)/a
]
ϕ
(m)
L
∣∣∣ρs
0
= 0. (71)
Before tackling the most general case, let us present the solutions for the massive modes
in the two simple cases of the supersymmetric (SS vacuum) and the non-supersymmetric
(with E6 flux) solutions. In both cases the internal space is a sphere and there is no
warping.
4.2.1 Massive modes for the Salam-Sezgin solution
First, for the sphere case with a U(1)R flux only, g1A1θ =
1
2
ω so the equation for massive
modes becomes [
∂2ρ +
a′
a
∂ρ − m
2
a2
+M2m
]
ϕ
(m)
L = 0, (72)
where a = r0
2
sin(2ρ
r0
). Then, by making a change of variables as y = cos(2ρ
r0
), the above
equation can be cast into
(1− y2)d
2ϕ
(m)
L
dy2
− 2ydϕ
(m)
L
dy
+
(
− m
2
1− y2 +
1
4
r20M
2
m
)
ϕ
(m)
L = 0. (73)
This is nothing but the Legendre’s associated differential equation. So, we can find that
the KK mass spectrum is the one for the spherical harmonics
M2m,n =
4
r20
n(n + 1), n = 1, 2, · · · , (74)
with degeneracies |m| ≤ n. The wave functions of massive modes are given by
ϕ
(m,n)
L = P
m
n (y) =
(1− y2)m/2
2nn!
dm+n
dym+n
(y2 − 1)n. (75)
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4.2.2 Massive modes for the non-supersymmetric sphere solution
In the sphere case with E6 flux only, A1θ = 0, so the equation for massive modes is
[
∂2ρ +
a′
a
∂ρ −
(m+ 1
2
)2
a2
− a
′2
4a2
+
a′′
2a
+
(m+ 1
2
)a′
a2
+M2m
]
ϕ
(m)
L = 0, (76)
where a = r0
2
sin(2ρ
r0
). Then, with the field redefinition
ϕ˜(m) =
√
a ϕ
(m)
L , (77)
the above equation becomes
(−∂2ρ + V (ρ))ϕ˜(m) =M2mϕ˜(m), (78)
where
r20V = v0 + v1 tan
2(
ρ
r0
) + v2 cot
2(
ρ
r0
), (79)
with
v0 = 2(m+
1
2
)2, v1 = (m+ 1)
2 − 1
4
, v2 = m
2 − 1
4
. (80)
Next, making a change of variables and doing another field redefinition [14] as
z = cos2(
ρ
r0
), (81)
ϕ˜(m) = zγ(1− z)βψ(m)(z), (82)
with
v1 = 4γ
2 − 2γ, v2 = 4β2 − 2β, (83)
we obtain the final form of the massive modes equation as
z(1 − z)d
2ψ(m)
dz2
+ [c− (1 + a + b)z]dψ
(m)
dz
− abψ(m) = 0, (84)
where
a = β + γ +
1
2
r0Mm, (85)
b = β + γ − 1
2
r0Mm, (86)
c =
1
2
+ 2γ. (87)
In order to express the parameters a, b, c in terms of the the integer m, we should solve
the quadratic equations (83) with the definitions (80). There are two solutions for β and
13
γ, but there is no physical difference between the various choices of the solutions. Thus,
from now on we make the choice
β =
1
2
(
m+
1
2
)
, γ = −1
2
(
m+
1
2
)
. (88)
From the boundary conditions for the gravitino given in the Appendix B, we can now
obtain the quantized KK masses of the gravitino. For γ ≥ 1
4
and β < 1
4
, we need c−a = −n
or c− b = −n with n = 0, 1, 2, · · ·. Both cases yield the spectrum
M2m≤−1,n =
4
r20
(n+
1
2
+ γ − β)2 = 4
r20
(n−m)2, n = 0, 1, 2, · · · . (89)
Moreover, for γ < 1
4
and β ≥ 1
4
, we need 1+a−c = −n or 1+b−c = −n for n = 0, 1, 2, · · ·.
Then, for both cases we obtain the KK spectrum as
M2m≥0,n =
4
r20
(n+
1
2
− γ + β)2 = 4
r20
(n +m+ 1)2, n = 0, 1, 2, · · · . (90)
On the other hand, the other ranges of γ and β, as they are chosen in (88), are not possible.
With the introduction of the new quantum number n, it is obvious that the wavefunctions
should be labeled as ϕ˜(m,n) and the 4D modes accordingly ψ˜(m,n).
Consequently, from eqs.(89) and (90), the lowest massive modes for the left-handed
gravitino are double degenerate with KK mass, M20,0 = M
2
−1,0 =
4
r2
0
= 8g21. Since one
pair of left-handed and right-handed gravitinos makes up a 4D massive Dirac gravitino
from eq. (50), we find that there are two 4D massive gravitinos at the lowest KK level,
ψ˜
(−1,0)
µ = (ψ˜
(−1,0)
µL , ψ˜
(0,0)
µR )
T and ψ˜
(0,0)
µ = (ψ˜
(0,0)
µL , ψ˜
(1,0)
µR )
T .
4.2.3 Massive modes for the general warped solution
In the general warped case, we can rewrite eq. (70) in an expanded form as
(−∂2ρ + h∂ρ + gm)ϕ(m)L = W−2M2mϕ(m)L , (91)
with
h = −3W
′
W
− a
′
a
, (92)
gm = −W
′′
W
− W
′2
W 2
− 1
2
a′′
a
+
1
4
a′2
a2
− 3
2
a′W ′
aW
+
1
a
[(
W ′
W
− a
′
a
)(
m+
1
2
− g1A1θ
)
− g1A′1θ
]
+
1
a2
[
m(m+ 1) +
1
4
+ g21A
2
1θ − (2m+ 1)g1A1θ
]
. (93)
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Let us make now the field redefinition ϕ˜(m) = W
√
aϕ
(m)
L and the radial coordinate
redefinition dρ =Wdu. The above equation can then be cast in the following Schro¨dinger
form
(−∂2u + V )ϕ˜(m) =M2mϕ˜(m), (94)
with the potential given by
V = ∂u
(
W
a
)(
m+
1
2
)
− g1∂u
(
W
a
A1θ
)
+
W 2
a2
[
m(m+ 1) +
1
4
+ g21A
2
1θ − (2m+ 1)g1A1θ
]
. (95)
Substituting the background solutions in the above equation we find that
r20V = v0 + v1 tan
2(
u
r0
) + v2 cot
2(
u
r0
), (96)
with
v0 = −1
λ
(
m+
1
2
)
+
1
λ
(
m+
1
2
− n1
)[
1 +
2
λ
(
m+
1
2
)]r20
r21
, (97)
v1 =
1
λ
(
m+
1
2
− n1
)r20
r21
+
1
λ2
(
m+
1
2
− n1
)2 r40
r41
, (98)
v2 = −1
λ
(
m+
1
2
)
+
1
λ2
(
m+
1
2
)2
. (99)
Then, making similar redefinitions as in the non-supersymmetric sphere solution,
z = cos2(
u
r0
), (100)
ϕ˜(m) = zγ(1− z)βψ(m)(z), (101)
the parameters in the hypergeometric equation (84) are defined as
a = β + γ +
1
2
√
ξm + r20M
2
m (102)
b = β + γ − 1
2
√
ξm + r20M
2
m (103)
c =
1
2
+ 2γ (104)
with
v1 = 4γ
2 − 2γ, v2 = 4β2 − 2β, (105)
From eqs. (98), (99) and (105), we can solve for β and γ. Without loss of generality, we
make the following choice of roots
β =
1
2λ
(
m+
1
2
)
, γ = − 1
2λ
(
m+
1
2
− n1
)r20
r21
. (106)
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Furthermore, unlike the non-supersymmetric sphere solution, the following quantity is
non-vanishing:
ξm = v1 + v2 − v0
=
1
λ2
[
m+
1
2
− r
2
0
r21
(
m+
1
2
− n1
)]2
= 4(β + γ)2. (107)
Using the boundary conditions at z = 0 and z = 1 as described in the Appendix B, we
find the KK spectrum depending on the parameters β and γ:
For γ ≥ 1
4
and β < 1
4
,
r20M
2
m,n = 4(n+
1
2
+ γ − β)2 − ξm
= 4(n+
1
2
+ 2γ)(n+
1
2
− 2β). (108)
For γ ≥ 1
4
and β ≥ 1
4
,
r20M
2
m,n = 4(n+ β + γ)
2 − ξm
= 4n(n+ 2β + 2γ). (109)
For γ < 1
4
and β < 1
4
,
r20M
2
m,n = 4(n+ 1− β − γ)2 − ξm
= 4(n+ 1)(n+ 1− 2β − 2γ). (110)
For γ < 1
4
and β ≥ 1
4
,
r20M
2
m,n = 4(n+
1
2
− γ + β)2 − ξm
= 4(n+
1
2
+ 2β)(n+
1
2
− 2γ). (111)
In all the above case, we take n = 0, 1, 2, · · ·. We note that even with a nonzero ξm, the KK
mass squared is always positive. Finally, it is understood that with the introduction of the
quantum number n, the wavefunctions are labeled as ϕ˜(m,n) and the 4D modes accordingly
ψ˜(m,n).
5 The brane-induced gravitino mass term
In the previous section, we have seen that even when SUSY is broken explicitly by the
presence of brane tensions, there remains at least one massless mode of the gravitino in
the case with U(1)R flux. One way to generate mass for this lowest gravitino mode, is to
include a brane-induced gravitino mass term.
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It has been known that a brane mass term for a bulk field on a codimension-two brane
gives rise to the divergence of the propagator of the bulk field even at tree level [25] (see
also [26] for a torus orbifold case). This classical divergence has to do with the assumption
of an infinitely thin brane. This should have been expected, since it is known that it is not
possible to accommodate normal matter (other than the brane tension) on a codimension-
two brane in Einstein gravity [20]. Therefore, it is imperative to regularize the brane by
introducing some thickness [21].
In this section, we compute the mass generation for the gravitino zero mode, when the
brane is regularized according with the approach suggested in [22]. In this regularization,
the conical singularity is cut out and replaced by a spherical cap and a ring-like brane is
situated at the boundary of the spherical cap. Thus, the regularized brane has four spatial
dimensions one of which is compactified on a circle. This procedure has been extended to
the warped solution of 6D Salam-Sezgin supergravity in [23].
Let us now discuss the effect of a brane-induced gravitino mass term. If the ring is
located at ρ = δ (instead of the codimension-two brane original position ρ = 0), then the
induced metric on the ring brane is
ds25 =W
2(δ)ηµνdx
µdxν + a2(δ)dθ2 ≡ hµˆνˆdxµˆdxνˆ , (112)
with µˆ, νˆ = 0, 1, 2, 3, 5. The left-handed gravitino always has a massless mode for a nonzero
monopole number of the U(1)R and in general more than one, labeled by the winding
number m. Let us consider a Majorana mass term for the left-handed gravitino only on
the regularized brane as
Lbrane = −λ0 ξ¯µˆγµˆνˆξνˆ δ(ρ− δ), (113)
where λ0 is a dimensionless parameter and ξµˆ is the 5DMajorana gravitino that is composed
of the bulk left-handed gravitino ψ˜µˆL as ξµˆ ≡ (ψ˜µˆL, ¯˜ψµˆL)T . Since, we have considered
ψ˜µˆL =
∑
m ϕ
(m)
L (ρ)ψ˜
(m)
µˆL e
imθ ≡ ∑m χ(m)µˆL , we can rewrite the gravitino mass term in terms
of the 4D Weyl spinors χ
(m)
µˆL as
Lbrane = −λ0 [
∑
m,m′
(χ
(m)
µL σ
[µσ¯ν]χ
(m′)
νL + χ¯
(m)
µL σ¯
[µσν]χ¯
(m′)
νL ) + · · ·] δ(ρ− δ), (114)
where the ellipsis contains the mixing between χ
(m)
µL and χ
(m)
θL which can be absorbed by
the 4D gravitino as in the bulk Lagrangian.
Ignoring the mixing between KK modes, we focus on the mass term for the massless
mode. We plug the wave function of the massless mode of the left-handed gravitino (58)
into eq. (114) and integrate the angle on the ring brane. Then, we can see that only the
massless mode with a zero winding number gets a nonzero mass. If in the r coordinate the
location of the ring brane corresponding to ρ = δ is r = 1/∆0, we obtain the 4D effective
gravitino mass as
Leff = −m3/2Ψ¯µγµνΨν , (115)
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with Ψµ = (ψ˜
(0)
µL,
¯˜ψ
(0)
µL)
T and
m3/2 =
λ0Γ0
r0
(r0∆0)
−s
(1 + 1/(r0∆0)2)t−1
. (116)
For r0∆0 ≫ 1, the gravitino mass becomes
m3/2 ≈ λ0Γ0
r0
(r0∆0)
−s. (117)
Since s = 1
λ
> 0 for m = 0, compatible with normalizability condition s > −1, the
gravitino mass is suppressed by the delocalization of the zero mode at the regularized
brane at r = 1/∆0, compared to the compactification scale 1/r0.
Similarly, for the gravitino mass term with λ∞ at the ring brane located at r = r
2
0∆∞,
we obtain the 4D effective gravitino mass as
m3/2 =
λ∞Γ0
r0
(r0∆∞)
s
(1 + (r0∆∞)2)t−1
. (118)
Thus, for r0∆∞ ≫ 1, the gravitino mass becomes
m3/2 ≈ λ∞Γ0
r0
(r0∆∞)
s−2t+2. (119)
If we take s − 2t + 2 = 1
λ
r2
0
r2
1
(1 − 2n1) < 0 or n1 > 12 , compatible with the normalizability
condition s − 2t < −1, we can also get a suppression of the gravitino mass due to the
delocalization of the zero mode at the regularized brane at r = r20∆∞. Therefore, for
the zero-mode gravitino with the zero winding number, we find that gravitino mass terms
localized at both regularized branes give rise to a suppressed effective gravitino mass.
For both of the above cases, if we consider the zero thickness limit of ∆0,∞ → ∞,
the effective gravitino mass vanishes. Therefore, we see that the nonzero gravitino mass
crucially depends on the regularization of the brane. In other words, a nonzero gravitino
mass depends on the mechanism to stabilize the brane thickness.
Finally, let us comment on the possibility of giving a mass to the massless mode of the
gravitino by some bulk operator. A plausible case would be from the quartic fermion terms
provided in [27], if gaugino condensation is realized. For instance, since E7 gauginos are
charged under U(1)R, they will have massless modes at the compactification scale which
can serve for condensation and subsequent gravitino mass generation in the 4D effective
theory. Then, one should be careful with the possible backreaction to the background
solution of the additional terms (see [28]) in the scalar potential that will arise after con-
densation, although as noted in [27] this will be absent for constant dilaton and gravitino
wavefunctions.
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6 Conclusions
In the present paper, we discussed the spectrum of the gravitino of the six-dimensional
gauged supergravity model with gauge group E7×E6×U(1)R, where a gauge flux is turned
on in the U(1) ⊂ E6 and the U(1)R directions. We studied in detail the spectrum in the
general warped background where codimension-two branes were supporting the necessary
conical singularities.
An interesting result of the paper is that there exist zero modes in the gravitino spec-
trum even in the case where supersymmetry is explicitly broken by the presence of the
non-supersymmetric branes. This seems to be a special property whenever magnetic flux
lies in the U(1)R direction. In order to give mass to these massless modes, the explicit
supersymmetry breaking by the brane tensions is not enough, and further bulk or brane
operators should be considered.
We have considered for simplicity, a brane operator for the gravitino, namely a brane
Majorana mass. Regularizing the brane as in [22, 23], we have calculated the mass that
is generated for the zero mode of the gravitino. The resulting effective gravitino mass
depends on the localization of the wavefunction of the zero mode and when the winding
number is zero, the gravitino mass can be parametrically smaller than the compactification
scale. This suppression, however, is power-like and if the compactification scale is of the
order of the GUT breaking scale, we would need a mechanism to explain the smallness λ0
and thus of the SUSY breaking scale.
The above property for the massless gravitino and its mass suppression with extra
operators, should also hold for the other fermionic states of the spectrum which we did
not consider in the present paper. In particular the gauginos which correspond to the
directions of isometry of the internal space should have the same feature. This procedure
offers an alternative way to obtain light (in comparison with the scale of compactification)
fermions in models with extra dimensions.
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Appendix A: Notations and conventions
We use the metric signature (−,+,+,+,+,+) for the 6D metric. The index conven-
tions are the following: (1) for the Einstein indices we use M,N, · · · = 0, · · · , 5, 6 for the
6D indices, µ, ν, · · · ,= 0, · · · , 3 for the 4D indices and m,n, · · · = 5, 6 for the internal
2D indices, (2) for the Lorentz indices we use A,B, · · · = 0, · · · , 5, 6 for the 6D indices,
α, β, · · · = 0, · · · , 3 for the 4D indices and a, b, · · · = 5, 6 for the internal 2D indices.
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A-1. Gamma matrices
We take the gamma matrices in the locally flat coordinates [8], satisfying {ΓA,ΓB} = 2ηAB,
to be
Γα = σ
1 ⊗ γα, Γ5 = σ1 ⊗ γ5, Γ6 = σ2 ⊗ 1, (A.1)
where γ’s are the 4D gamma matrices with γ25 = 1 and σ’s are the Pauli matrices with
[σi, σj ] = 2iǫijkσ
k, with i, j, k = 1, 2, 3,
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.2)
The curved gamma matrices on the other hand are given in terms of the ones in the locally
flat coordinates as ΓM = e MA Γ
A where e MA is the 6D vielbein. In addition, the 6D chirality
operator is given by
Γ7 = Γ0Γ1 · · ·Γ6 = σ3 ⊗ 1. (A.3)
The convention for 4D gamma matrices is that
γα =
(
0 σα
σ¯α 0
)
, γ5 =
(
1 0
0 −1
)
, (A.4)
with σα = (1, σi) and σ¯α = (−1, σi). The chirality projection operators are defined as
PL = (1 + γ
5)/2 and PR = (1− γ5)/2.
Finally, some useful quantities which we use in the text are the following
Γα5 = 1⊗ γαγ5, Γα6 = iσ3 ⊗ γα, Γ56 = iσ3 ⊗ γ5. (A.5)
A-2. Spin connection
For the general warped solution written in the Gaussian normal coordinate
ds2 =W 2ηµνdx
µdxν + dρ2 + a2dθ2, (A.6)
the nonzero vielbein components are given by
e αµ = Wδ
α
µ , (A.7)
e am =
(
cos θ − sin θ
sin θ cos θ
)(
1 0
0 a
)
. (A.8)
Therefore, the nonzero components of the spin connection are
ωα 5 = cos θ W
′δαµdx
µ, (A.9)
ωα 6 = sin θ W
′δαµdx
µ, (A.10)
ω5 6 = (1− a′)dθ ≡ ωdθ, (A.11)
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where prime denotes the derivative with respect to ρ.
Appendix B: Boundary conditions for the gravitino
The general solution to the hypergeometric differential equation (84) is ψ(z) with ϕ˜ =
zγ(1− z)βψ(z) is (we have suppressed the index m in all wavefunctions):
For c 6= 1,
ϕ˜ = c1ϕ1 + c2ϕ2, (B.1)
and for c = 1,
ϕ˜ = c1ϕ1 + c2ϕ1
∫ z(ρ) dρ
ϕ21(ρ)
. (B.2)
The c1, c2 are integration constants and
ϕ1 = z
γ(1− z)βF (a, b, c, z), (B.3)
ϕ2 = z
γ(1− z)βz1−cF (a+ 1− c, b+ 1− c, 2− c, z). (B.4)
Here we note that F (a, b, c, z) is the hypergeometric function which has the properties:
F (a, b, c, z)→ 1 for z → 0, (B.5)
and
F (a, b, c, z) = C1F (a, b, a+ b− c+ 1, 1− z)
+C2(1− z)c−a−bF (c− a, c− b, c− a− b+ 1, 1− z), (B.6)
with
C1 =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) , C2 =
Γ(c)Γ(−c+ a+ b)
Γ(a)Γ(b)
. (B.7)
Now we consider the boundary conditions for the wave functions at z = 0 and z = 1.
First, for c 6= 1, as z → 0, the wave function goes like
ϕ˜→ c1zγ + c2z 12−γ . (B.8)
So, the normalizability condition gives, c1 = 0 for γ ≤ −14 while c2 = 0 for γ ≥ 34 . On the
other hand, the hermiticity condition gives, c1 = 0 for γ <
1
4
while c2 = 0 for γ >
1
4
. We
can also show that c2 = 0 for c = 1 or γ =
1
4
.
Then, for γ ≥ 1
4
, where c2 = 0, the wave function at z → 1 behaves as
ϕ˜→ C1(1− z)β + C2(1− z) 12−β. (B.9)
Similarly, the normalizability condition gives, C1 = 0 for β ≤ −14 while C2 = 0 for β ≥ 34 .
On the other hand, the hermiticity condition gives, C1 = 0 for β <
1
4
while C2 = 0 for
β ≥ 1
4
. Therefore, for γ ≥ 1
4
and β < 1
4
, C1 = 0 gives Γ(c− a) = ∞ or Γ(c− b) = ∞, i.e.
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c − a = −n or c − b = −n for n = 0, 1, 2, · · ·. On the other hand, for γ ≥ 1
4
and β ≥ 1
4
,
C2 = 0 requires Γ(a) =∞ or Γ(b) =∞, i.e. a = −n or b = −n for n = 0, 1, 2, · · ·.
Finally, for γ < 1
4
, where c1 = 0, the wave function at z → 1 goes like
ϕ˜→ C ′1(1− z)β + C ′2(1− z)
1
2
−β, (B.10)
where C ′1, C
′
2 are the ones obtained from C1, C2 with a → a + 1 − c, b → b + 1 − c and
c → 2 − c. So, again the hermiticity condition provides the strongest constraint and for
β < 1
4
, C ′1 = 0 requires Γ(1− a) =∞ or Γ(1− b) =∞, i.e. 1− a = −n or 1− b = −n for
n = 0, 1, 2, · · ·. For β ≥ 1
4
, C ′2 = 0 would require Γ(1 + a − c) = ∞ or Γ(1 + b − c) = ∞,
i.e. 1 + a− c = −n or 1 + b− c = −n for n = 0, 1, 2, · · ·.
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